In this paper, the strengthening of thin-walled metallic shells with the application of CFRP (carbon fibre reinforced polymer) has been investigated. To lower down the downside of the lower stiffness exhibited by CFRP shells and to diminish the major problem associated with steel shells, a new composite sandwich structure has been introduced in this paper and effect of CFRP reinforcements under axial compression has been studied through three kinds of analytical procedures; the linear Eigen value problem, the modified RS (reduced stiffness) analysis and the fully nonlinear numerical experiment. With these multiple treatments it has been suggested that recently developed modified RS analysis which effectively compute the lower bounds provides the significant information to evaluate the buckling capacity of reinforced shells that display the unstable behaviour and imperfection-sensitivity than the general RS Analysis. This paper also illustrates the application of the methodology to cases of axial loaded shells with the varying thickness of veneers of CFRP.
Introduction


To serve the common needs of the society, structural engineers are often under pressure to achieve impressive gains of high strength, and to retain light weight, but safe and economical structures. For years, civil engineers have been in search for alternatives to steel and its alloys to combat the high costs of repair and maintenance of structures damaged by corrosion and heavy use. Along with the rapid advances in the development of other construction materials, use of fibre reinforced polymeric resins, FRP (fibre reinforced polymer) often provides opportunities for enhanced efficiency, primarily because of its resistance to corrosion and high strength to weight ratio. It is possible to achieve the strength properties of FRPs collectively make up one of the primary reasons for which civil engineers select them in the design of structures. This is why FRP composites are particularly suitable for the design of aerospace components, storage tanks, bridges and pressure vessel or large-span structural members. However, a downside to the age of the advanced composites varies fields is the relatively lower stiffness exhibited by FRPs. As a consequence, serviceability rather than strength limit states tend to provide the controlling influence on design. In the context of thin-walled shell structures, the relatively low stiffness to strength ratio of FRP makes that buckling driven largely by elastic buckling behavior, becomes the dominant design constraint. At times it becomes difficult to achieve the required levels of load carrying capacity by using shells constructed from just FRP. For this reason, the high stiffness of steel contributes to make it an attractive material for the design of shells in which buckling is likely to be an important issue. However, a major problem with steel shells, especially where they are exposed to hostile chemical on marine environments, is their vulnerability to corrosion.
A novel way to protect steel shells from corrosion is to coat them with these veneers of suitable FRP. It is this form of composite steel and FRP shell that forms the focus of the present work. Buckling behaviour of shells, consisting of an inner core of steel and inner and outer coating of carbon fibre reinforced polymer, CFRP (carbon fibre reinforced polymer) is addressed, and we believe for the first time.
Specially, the buckling behavior of such a composite sandwich circular cylindrical shells subject to axial load is addressed using a fully nonlinear numerical experiment. It is well known that axially compressed cylindrical shells have a buckling behavior which is very sensitive to initial geometric imperfections [1] . In the case of orthotropic CFRP material, the angles and dispositions of fibre orientations, as well as the magnitudes of any imperfections, have been suggested to affect the buckling behavior [2] . In this paper, the major focus has been given to the studies of purely metallic thin-walled steel cylindrical shell that are reinforced by surface coating of CFRP [3] . Attention will be focused on their elastic buckling performance under axial loading and how the imperfection sensitive buckling loads may be safely predicted using the reduced stiffness method [3] [4] [5] .
Method of Analysis
CFRP Lamina and CFRP Reinforced Steel Lamination
As shown in Fig. 1 , an anisotropic orthogonal thin shell is considered in which x-y denotes the coordinate of thin cylindrical shell and 1-2 denotes the coordinates along fibre direction. Also,  is taken as angle of fibre orientation with respect to the x-axis. In this paper, material constants are obtained adopting Halpin-Tsai equation [6] as   2  1  1 2  2 1  1 2  1 , ,
In Eq. (1), subscript F and P relate to fibre and polymer, respectively. E 1 represent elastic coefficient and E F and E P as elastic constants for fibre and polymer, respectively. Also, V F and V P represent volume fraction for fibre and polymer and  12 and  21 as Poisson's ratios. In Eq. (1), E 2 is the elastic coefficient normal to the fibre and calculated as
The associated parameters  and  for the calculation of E 2 is taken to be = 2 and
In addition, the shear modulus of elasticity G 12 is calculated as G 12 = G p (1+V F )/(1-V F ) and the associated parameters  and  for the calculation of G 12 are taken to be 10 
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where, G F and G P represent the shear modulus of elasticity for fibre and polymer, respectively. Fig. 1 , the constitutive relations the with respect to 1-2 coordinates can be expressed in terms of elastic constant as 
Referring to
where, ( 11 22 12 , ,    ) and ( 11 22 12 , ,    ) are the stress and strain components associated with the arbitrary points at the thickness, respectively;     
In order to find the stresses and strains with respect to the x-y coordinate system, a simple rotational transformation,
is needed, where T is the transformation matrix is used to transform the linear elastic constants from the principal material fibre directions to a global x-y coordinate. Then, the resulting transformed linear elastic constants for a unidirectional or orthotropic composite from its principal directions are 
where, ( , , 
Next, it is assumed the CFRP material and steel are perfectly rigid by using adhesives. Then, as shown in Fig. 2 , we can derive the membrane and bending stress resultant matrices by integrating through the whole thickness of the laminas as 
where, in Eq. (6), (n x , n y , n xy ) and (m x , m y , m xy ) are the total membrane and bending stress resultants respectively. Similarly, A ij , B ij and D ij are respectively the membrane, membrane bending coupling and bending stiffness, obtained by the following equation [7] :
where, N is the total number of layer. If both the expressions of Eq. (6) are merged into a single equation, the constitutive relations for laminated plates may be described as 
In the present study, symmetric laminations are adopted. So that, all the components of B ij will be zero. Consequently, total bending and membrane stress resultants are related to strains on the middle plane through the orthotropic constitutive equations as 
TPE (Total Potential Energy)
The fully non-linear numerical experiments are undertaken for an imperfect thin-walled circular cylinder having longitudinal length L and radius R, as
shown in Fig. 3 , the change in the total potential energy, under axial compression P may be written as
where, U m are the membrane strain energies, U b are the bending energies and V the increase in load potential.
In the equations below, u, v and w represent the total displacements in respectively the x, y and z directions and the energy contribution under the action of axial compression can be written as
Relationships between Strain and Displacements
Donnel-Mushtari-Vlasov type strain-displacement relations are adopted to express the nonlinear strains, in terms of deformations for the initial 
Boundary Conditions and Modal Approximation
End boundaries are assumed to be supported in such a way as to conform to the classical simple support, corresponding with the conditions (13) The linear sum of two dimensional harmonic functions that satisfy the above boundary condition are given by the displacement functions u, v and w as 
where u i,j , v i,j and w i,j are the amplitudes of each harmonic function; i and j are the circumferential full-wave and the longitudinal half-wave number, respectively. The initial geometric imperfection is taken to consist of a single harmonic taking the form
in which, b and f represent the circumferential full-wave and longitudinal half-wave number, respectively. For the purpose of adopting displacement functions, to ensure adequate convergence of solution but at the same time computational efficiency, the numbers of displacements u, v and w are adopted as 28, 17 and 19 respectively with the total 64 degrees of freedom, made-up as follows: 
Adoption of the Stationary of the Change of Total Potential Energy
The sets of nonlinear algebraic equations characterizing the behavior of the panels are obtained through the stationary of the change of TPE with respect to the each of the displacement degrees of freedom included in Eq. (14). Solutions of these sets of nonlinear equations are achieved using a step-by-step process in which either load or one of the displacement components is used as a control parameter. At each step, Newton-Raphson iteration is used to provide convergence to an acceptable level of precision [7, 8] .
Nonlinear Analytical Results of Imperfect Shells
For the analysis of reinforced shells, steel and FRP's are laminated with constant steel wall thickness of t s = 4 mm as shown in Fig. 3 and the adopted geometrical parameters are L/R = 0.512 and R/t s = 405 [1] . That's why, the total length of the cylinder will be L = 0.829 m with radius of curvature R = 1.62 m. On the other hand, t f represents the thickness of carbon fibre and is taken as variable parameter in the present study, with which the steel cylinder is wrapped from inner and outer side ranging the thickness of fibre from 0 to t s . While, Young's moduli for steel, fibre and polymer are taken as E s = 205 GPa, E F = 235 GPa, E P 3.5 GPa, and Poisson's ratios for steel, fibre and polymer are  s = 0.3,  F = 0.3 and  P = 0.34, respectively. Fig. 4 shows the results of numerically experimented load-deflection curves for the case of circumferential full wave number b = 10 having imperfection amplitudes of 0.8 mm, 2.4 mm, 5.6 mm, 6.4 mm and 7.2 mm. The broken lines denote the conditions of no reinforcement t f = 0. Similarly, the slight solid lines and heavy solid lines denote the cases having CFRP reinforcement t f = 2 mm, t f /t s = 50% for angle of fibre orientation 0 and 90, respectively. As shown in Fig. 4 , the buckling load carrying capacity is the highest for the reinforced condition having 90 for all the amplitudes. Fig. 5 shows the incremental buckling displacements at the buckling loads for the cases of an imperfection amplitude 0 10,1 w = 5.6 mm for the steel shell only, 6.4 and 7.2 mm for the two CFRP reinforced conditions. Even from these schematic figures, it can be observed that the axial wave length becomes sharper for the cases of reinforced conditions; this modified mode form reflects the influence of the CFRP reinforcement on the present numerical experimental models. Interestingly, the incremental buckling displacement forms for 0 and 90 are very similar with little influence from the angle of the fibre orientation. This is further illustrated in Figs. 6a, 6b and 6c that show the incremental deformations at the buckling loads, for typical cases of the same larger imperfection. Again, Fig. 6 shows that there are significant changes in mode at buckling as compared with the form of initial imperfection. In each case the initial imperfection had 10 full circumferential waves and a single axial halfwave. In contrast, the incremental buckling modes can be seen to have coupled with shorten wavelength modes to produce a compound buckling that is shorten in both the circumferential and axial directions. For example, a combination of j = 1, 3 and i = 10, 20 results in a compound circumferential mode shape as shown in Fig. 6c , having a localised circumferential wavelength close to j = 2.26 and i = 12, respectively. The implications of this mode shortening will be discussed later in relation to the RSM (reduced stiffness method). 
Effect of Reinforcement on Buckling Load Spectra
The linearised buckling analysis for initially perfect shells can be obtained as shown in Ref. [ 
The RSM can be introduced for predicting the reduction due to imperfections. The RSM is based upon the observation that it is the components of the initial membrane stiffness, or energy, which are lost in the unstable post buckling of shells [9] [10] [11] . For axial compressed cylinders it has been shown that U 2m , U 2b 
where, P  c indicates the RS buckling load .  Figs. 8a, 8b and 8c are the outcome of a linear buckling analysis and the RSM, for respectively the case of no reinforcement and with reinforcement having angle of fibre orientation = 0 and 90. In these figures, the linear buckling loads are shown by upper spectrum of curves and the RS buckling loads are shown by lower spectrum of curves. The linear buckling loads with varying longitudinal half-wave number j are defined as P cm,j ; P cm,j represent the lowest critical loads associated with the axial half-wave number j. The lowest P cm,j could be regarded as the classical critical load for the shell; and denoted P cm . Then, the corresponding circumferential full-wave number is obtained as i cm (j) . After that, the RS critical load associated with i cm (j) is calculated as P . However, the results summarized in Fig. 8 suggest that a modified definition of the RS critical load would be appropriate for CFRP shells. 
Effects of the Angle of Fiber Orientation
Figs. 9a and 9b represent the relationship between buckling load and the thickness of fibre t f for angle of fibre orientation = 0 and 90. The heavy solid line denotes the linear buckling P cm , the dotted line denotes the steel yield load P y which has been obtained from  y = 235 N/mm 2 However, the result ** cm y P P  by RS analysis suggests that the elastic buckling for moderately large imperfect shells in the use of practical civil engineering structures will occur first rather than material damage inducing collapse. P , provides consistent and reliable lower bounds over the entire range CFRP reinforcements considered. Also, for various thicknesses of reinforcement and angle of fibre orientation, Table 1 shows the distinct relationship between the linear, RS and modified RS buckling loads as well as axial half-waves and circumferential full-wave numbers.
In Fig. 10 , the heavy solid line on the upper spectrum of curves represents the minimum linear buckling load cm P and the thinner solid line and chain broken line curves on the lower spectrum of curves denotes the RS critical load 
Conclusions
Nonlinear numerical experiments as well as linear and RS analysis has been carried out for CFRP reinforced steel cylinders under axial compression. It is observed that depending upon form and magnitude of imperfections, the buckling modes as well as buckling carrying capacities differ. The buckling carrying capacity is high for small imperfection amplitudes but is strongly dependent upon the thickness of the adopted reinforcement. Also it has been shown that these variations are related to the predictions from the recently developed RSM. Furthermore, buckling load carrying capacities of thin cylindrical shells increase with CFRP reinforcement when analysed using either linear or RS analyses. The buckling load carrying capacity increases from 60% to 70% in the case of CFRP reinforcement for ratio t f /t s = 50%; if we increase this ratio as t f /t s = 100%, the buckling load carrying capacity increases up to 100%. This increase and the associated buckling mode vary in accordance with the angle of fibre orientation.
